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SECOND -ORDER PERTlTRBATION ANGLE TECHNIQUES FOR 

ACCURA'IELY SIMULATING SIGHTING PROBLEM3 

OF A SPACE SEXTANT 

By Richard L. Kurkowski and Kenneth C.  Grover 
Ames Research Center 

SUMMARY 

The performance of a vehicle -mounted servo-operated space sextant  has 
been invest igated with a fixed-cockpit analog-computer simulation. 
t i o n a l  accuracy of 1 arcsec w a s  obtained with second-order per turbat ion angle 
techniques on t h e  analog computer. 
der ivat ion i s  presented. Some t y p i c a l  r e s u l t s  are included. The over -a l l  
system, which incorporated a cathode ray tube display, had an accuracy l e v e l  
of +2 arcsec with a man i n  t h e  loop and no vehicle or t a r g e t  motion. The 
e f f e c t s  of t a r g e t  and vehicle motion were studied and indicat ions were t h a t  
f o r  30 sight ing accuracies of +lo arcsec or l ess  rates must be l e s s  than 
200 arcsec/sec.  Optical  charac te r i s t ics  of the sextant  were x27 and 1.8' 
f i e l d  of view. A 

Computa- 

A de ta i led  descr ip t ion  of t h e  mathematical 

INTRODUCTION 

The sextant  has been used f o r  many years for t e r r e s t r i a l  navigation, 
pr imari ly  i n  the  form of a hand-held device. More recent ly ,  vehicle-mounted 
hand-operated sextants  a r e  used as t h e  primary navigation instrument on board 
la rge  m i l i t a r y  a i r c r a f t .  However, f o r  space navigation, information on the  
a b i l i t y  of a man t o  use such an instrument while on board a space vehicle i s  
obviously lacking. To minimize t h e  mount  of f u e l  used f o r  veloci ty  correc- 
t i o n s  during t h e  space f l i g h t ,  the  angles between c e l e s t i a l  bodies must be 
measured with extreme precis ion ( i . e . ,  a f e w  seconds of a r c ) .  
racy a high degree of magnification i s  required; consequently, t h e  f i e l d  of 
view is  s m a l l .  A s  t h e  r e l a t i v e  motion of t h e  s ight ing objects  increases,  
e i t h e r  as a r e s u l t  of t h e  vehic le ' s  r o t a t i o n  o r  t r a n s l a t i o n  with respect t o  an 
object  sighted, t h e  measurement task  is  expected t o  become qui te  d i f f i c u l t .  
With such problems i n  mind, a simulator invest igat ion was undertaken t o  obtain 
bas ic  information on t h e  navigator 's  a b i l i t y  t o  make the  necessary naviga- 
t i o n a l  measurements with o p t i c a l  instruments on board t h e  spacecraf t .  

For such accu- 

The simulator consisted of a f ixed cockpit, an analog computer, and a 
manually control led sextant  mounted i n  the  cockpit. 
and motion of t h e  t a r g e t  sighted, the  vehicle motion, and other  system param- 
e t e r s  on t h e  measurement accuracy a d  opei-ation of t h e  zzvigator -sext-.ant com- 
b ina t ion  were evaluated. 
reference 1. The purpose of the  present  report  i s  t o  describe t h e  der ivat ion 
of t h e  mathematical model and the  d e t a i l s  of the simulator. The simulation 

me e f f e c t s  of the  s i z e  

The data  from t h i s  study a r e  contained i n  



i s  considered unique i n  t h a t  a high degree of accuracy, +2 arcsec,  w a s  
obtained with a conventional analog computer and a cathode ray tube d isp lay .  
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angular measurement e r r o r  a t  mark, arcsec 

r e t i c l e  l i n e s  perpendicular t o  the  measurement plane of t he  sex tan t  
l i n e  passes through the  center  of t he  f i e l d  of (The p r i n c i p a l  M 

view. ) 

number of t r ia l s  pe r  s e t  of s igh t ing  conditions 

average number of 

average number of 

average number of 

r e t i c l e  reference 
sex tan t  

p i t c h  con t ro l l e r  pulses  

r o l l  con t ro l l e r  pulses  

yaw con t ro l l e r  pulses  

l i n e  which def ines  the  measurement plane of t he  

time t o  perform t a sk ,  t h a t  i s ,  lapsed t i m e  from "start task" t o  
"mark," see of time 

l n  average time required f o r  s igh t ing  t a sk  = - C ti, see of time 
n i=i 

standard deviat ion,  defined as the  roo t  mean square of t h e  devia-  
e i  t i o n s  

within 1 arcsec f o r  t h i s  simulation s tudy) ,  
of a s e t  of observations from the  t r u e  value (known t o  

Vector Frame Notation 

E >  
F >  
M >  
P >  

body ax i s  frame, f ixed  by i n i t i a l  conditions 

i n e r t i a l l y  f ixed  frame (I f >) 

sextant  mirror l i ne -o f - s igh t  frame, f ixed  by i n i t i a l  conditions 

sextant  primary l ine-of -s ight  frame, f ixed  by i n i t i a l  conditions 

- 

R >  body reference frame, f ixed  by i n i t i a l  condi t ions 
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t r u e  l ine-of-s ight  frame of star, fixed by i n i t i a l  conditions 

t r u e  l ine-of-s ight  frame of ta rge t ,  f ixed by i n i t i a l  conditions 

body a x i s  frame 

i n e r t i a l l y  f ixed reference frame 

sextant  mirror l ine-of -s ight  frame 

sextant  primary l ine-of  -sight frame 

body reference frame 

t r u e  l ine-of -s ight  frame of star 

t r u e  l i n e  -of -sight frame of t a r g e t  

Matrix Notation 

I i d e n t i t y  matrix 

k element of matrix 

M vector  ro t a t ion  transformation matrix 

M* matrix with f i r s t - o r d e r  terms 

M** matrix with second-order terms 

M-l inverse matrix 

M f ixed  la rge  angle matrix transformations (determined by i n t i t i a l  
upper condi t ions)  
case 

X undetermined element of matrix 

Angle Notation 

Y,G,$ 
Y,@,@ l a rge  angles,  f ixed by i n i t i a l  conditions 

*,8,cp per turba t ion  angles 

6 con t ro l l e r  inputs  

t o t a l  angle r o t a t i o n  sequence (yaw, pi tch,  roll) 
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DESCRIPTION OF SlBlUGATED VEHICLE AND NAVIGATOR'S TASK 

The simulated vehicle w a s  the  lunar  mission vehicle i l l u s t r a t e d  i n  f i g -  
ure 1. The navigator s t a t i o n  i s  located below t h e  roll axis of t h e  vehicle 
and consis ts ,  i n  p a r t ,  of a sextant,  a telescope, a sextant  opt ics  cont ro l le r ,  
and a vehicle a t t i t u d e  cont ro l le r .  The sextant  primary l ine-of-s ight  axis of 
t h e  sextant i s  f ixed i n  t h e  X-Z plane, 57' below t h e  X axis.  The s ight ing  
instrument has two degrees of freedom with respect  t o  t h e  vehicle:  r o t a t i o n  
about t h e  primary l i n e  of s igh t ,  and p i t c h  of the  secondary with respect  t o  
t h e  primary l i n e  of s igh t .  These two degrees of freedom a r e  control led by the  
sextant opt ics  cont ro l le r .  The d i rec t ion  of the primary l i n e  of s i g h t  i s  con- 
t r o l l e d  by varying the vehicle a t t i t u d e .  
proportional type which commands sextant  secondary l ine-of-s ight  rate. 
vehicle a t t i t u d e  cont ro l le r  i s  an on-off fixed-pulse type t h a t  commands vehi- 
c l e  a t t i t u d e  by d i s c r e t e  rate changes p e r  pulse.  

The sextant  opt ics  cont ro l le r  i s  a 
The 

The navigator 's  s ight ing t a s k  cons is t s  of acquiring two c e l e s t i a l  bodies, 
such as a star and a lunar or ear th  fea ture ,  i n  a telescope having a la rge  
f i e l d  of view, and maneuvering the  vehicle while actuat ing the  opt ics  dr ive 
so tha t  the  two bodies appear i n  p a r t i c u l a r  areas  i n  the  te lescope 's  f i e l d  of 
view, where both bodies may then be seen i n  the  l imited f i e l d  of view of the  
sextant. The navigator must then cont ro l  t h e  spacecraf t  so  t h a t  the  f i r s t  
c e l e s t i a l  body i s  maintained near the  p r i n c i p a l  r e t i c l e  l i n e  ( sex tan t  measure- 
ment plane) while using t h e  opt ics  cont ro l le r  t o  superimpose t h e  second body 
on the f i rs t ;  when t h i s  i s  accomplished he s t r i k e s  the  "mark" button. The 
mark button would presumably i n i t i a t e  a readout system which would record the  
measured angle and mission time and put  t h i s  information i n t o  an on-board 
computer which would ca lcu la te  the t r a j e c t o r y  correct ions.  For t h i s  i n v e s t i -  
gation, the  sextant  primary l i n e  of s i g h t  was chosen t o  be or iented on a land- 
mark, To hold t h i s  or ien ta t ion  the navigator operated simulated react ion 
control pulse j e t s ,  mounted on the vehicle.  The secondary l i n e  of s i g h t  was 
oriented on t h e  desired star by the sextant  op t ics  cont ro l le r .  The c o n t r o l l e r  
r o l l s  and p i tches  t h e  secondary l i n e  of s i g h t  with respect  t o  t h e  primary (or 
s h a f t )  axis and the  trunnion ax is ,  respect ively.  The sextant  was assumed t o  
have a 1.8' f i e l d  of view. 

Since t h i s  study w a s  pr imari ly  concerned with system accuracy, the  t a r g e t  
w a s  assumed t o  have been acquired i n  t h e  sextant  f i e l d  of view, so t h e  acquis i -  
t i o n  telescope w a s  not simulated. 

DESCRIPTION OF APPARATUS 

The primary components of the  navigation equipment proposed f o r  t h e  U. S. 
lunar mission vehicle were simulated i n  the  fixed-cockpit simulator used i n  
t h i s  investigation. The simulator, shown i n  f igures  2 and 3, consis ted of a 
s e a t ,  a vehicle a t t i t u d e  side-arm c o n t r o l l e r  operated by the  navigator 's  r i g h t  
hand, a sextant op t ics  side-arm c o n t r o l l e r  operated by h i s  l e f t  hand, and the  
sighting opt ics  and display. The simulated s ta r -p lane tary  t a r g e t  scene of 
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t h e  sextant  w a s  presented on a cathode ray Gube which the  navigator viewed 
through a telescope with o p t i c a l  charac te r i s t ics  similar t o  those of the 
a c t u a l  sextant  telescope (x27 and 1.8O f i e l d  of view). 
u l a t o r  system, navigator 's  cont ro l le rs ,  and sextant s ight ing display a r e  
described below. 

Detai ls  of t h e  sim- 

Simulator System Information Flow 

I n  t h i s  simulation a hybrid analog-digi ta l  system was used consisting of 
an analog computer plus  a "HYDAC" d i g i t a l  logic system shown i n  f igure  4. 
Also, an analog-digi ta l  input-output system was used t o  command computer read- 
out and problem recycling operations. 
shown i n  f igure  5 may be described as follows. The navigator, viewing the  
scope display through the  telescope, w a s  provided with v i s u a l  cues upon which 
h i s  cont ro l le r  commands were based. The two-axis sextant  proport ional  r a t e  
cont ro l le r  s igna ls  were fed d i r e c t l y  i n t o  the  analog computer. The three-  
axis vehicle  pulse  cont ro l le r  t r iggered the d i g i t a l  logic  system thereby pro- 
ducing a fixed-amplitude, f ixed-duration pulse f o r  each axis, resu l t ing  i n  
d i s c r e t e  vehicle a t t i t u d e  rates per  pulse .  The analog computer calculated 
the  t a r g e t  display coordinates from the inputs from the sextant  control ler ,  
vehicle  rates ( r e s u l t i n g  from i n i t i a l  conditions and command inputs,  from t h e  
vehicle a t t i t u d e  c o n t r o l l e r ) ,  and i n i t i a l  landmark l ine-of -s ight  r a t e s .  The 
c i r c l e  generation s igna ls  (landmark display)  and t h e  coordinate information 
were multiplexed by the  d i g i t a l  logic  system which, i n  turn,  fed the  cathode 
ray tube i t s  display information. The d i g i t a l  logic  system a l s o  provided 
var iable  i n i t i a l  vehicle  - ra te  conditions f o r  c e r t a i n  port ions of t h e  study. 
The "mark" command put  t h e  problem i n  "hold" and i n i t i a t e d  the  readout and 
recycling operation. End-point values of angle measurement e r ror ,  time t o  
perform task,  and number of control  pulses used per  axis were recorded. 

The simulator system information flow 

Navigator's Controllers 

The navigator 's  cont ro l le rs  can be seen i n  f i g u r e  3. The v e h i c l e . a t t i -  
tude w a s  control led by a two-axis p e n c i l  control f o r  p i t c h  and roll and a 
rocker p l a t e  f o r  yaw. This type of on-off penci l  cont ro l le r  w a s  evaluated 
f o r  space vehicle  a t t i t u d e  control  ( r e f .  2 )  and found t o  be qui te  e f fec t ive .  
The c o n t r o l l e r  wits operated i n  a pulse command. mode which resu l ted  i n  a d i s -  
c r e t e  angular r a t e  being imparted t o  the vehicle per  cont ro l  pulse.  A read- 
out command (mark) switch was located j u s t  forward of the  a t t i t u d e  cont ro l le r .  
A f i n g e r  force of 0.2 pound actuated the  switch a f t e r  a displacement of 
0 .1  inch. The vehicle  a t t i t u d e  cont ro l le r  charac te r i s t ics  a r e  shown i n  f i g -  
ure 6. 

The sex tan t  op t ics  cont ro l le r  was a two-axis p e n c i l  cont ro l le r  of the 
proport ional  type.  Its cilai-acterlst lcs u e  chnvm i n  f igure  7.  Three cont ro l  
s e n s i t i v i t y  levels were avai lable ,  w i t h  maximum over minimum r a t e s  of 
360/0.36, 3600/3.6, 36,000/36 arcsec per  sec/arcsec per  sec.  The s e n s i t i v i t y  
s e l e c t o r  w a s  a three-posi t ion switch mounted j u s t  forward of the  sextant  
c o n t r o l l e r .  
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The sextant  cont ro l le r  w a s  operated i n  two d i f f e r e n t  modes, d i r e c t  and 
resolved. In  the  d i r e c t  mode, l e f t  and r i g h t  s t i c k  motion commanded the  roll 
r a t e  of t h e  secondary l i n e  of s i g h t  about t h e  primary axis ;  forward and back 
motion of  t h e  s t i c k  commanded the p i t c h  r a t e  of t h e  secondary l i n e  of s i g h t  
about the trunnion axis.  The image motion apparent t o  the  observer i n  
response t o  t h e  s t i c k  def lec t ion  varied as a function of roll angle about t h e  
primary, or shaf t ,  axis. In  the resolved mode, the  secondary l ine-of -s ight  
image moves i n  the  same di rec t ion  as t h e  cont ro l le r  regardless of t h e  s h a f t  
roll angle; t h a t  i s ,  moving the c o n t r o l l e r  s t i c k  forward causes t h e  image t o  
move t o  t h e  top of the  f i e l d  of view and moving it t o  the l e f t  causes t h e  
image t o  move t o  t h e  l e f t  of the f i e l d ,  e t c .  

Sextant Sighting Display 

For t h i s  study, t h e  primary l i n e  of s i g h t  of the  sextant  was assumed t o  
be aimed a t  a landmark, with the secondary l i n e  of s i g h t  being aimed a t  the  
reference star. To the  observer using t h e  sextant  these two f i e l d s  of view 
appear superposed and therefore  only a s ingle  display w a s  required f o r  the 
simulation. Symbols representing the  star (a dot )  and t h e  landmark ( a  c i r c l e )  
were displayed on a high qua l i ty ,  medium persis tence cathode ray tube ( f i g .  8). 
The display w a s  viewed through a theodol i te  telescope which had a magnifica- 
t i o n  power of 27 and a f i e l d  of view of 1.7'. A long tube w a s  required f o r  
mounting t h e  5-inch oscil loscope a t  the  proper dis tance i n  t h e  s m a l l  f i e l d  of 
view of t h e  telescope ( f i g ,  2 ) .  The dis tance w a s  adjusted and t h e  o s c i l l o -  
scope was scaled t o  represent the 1.8O f i e l d  of view of the  a c t u a l  sextant .  

The minimum s i z e  dot obtainable on t h e  cathode ray tube subtended an 
angle of 20 arcsec.  This resu l ted  i n  a 540 arcsec image a t  the  eye, when 
viewed through the 27 power telescope. Data ( r e f .  3) indicated t h a t  images 
subtending l e s s  than 600 arcsec a r e  e f f e c t i v e l y  poin t  sources of l i g h t ;  there-  
fore  t h e  dot representat ion of a star was reasonable. Also, since t h e  major- 
i t y  of the tasks  required superposit ion of t h e  symbols, e r r o r s  i n  t es t  r e s u l t s  
caused by nonl inear i t ies  i n  the cathode ray tube display were e s s e n t i a l l y  
eliminated. 

The sextant  r e t i c l e  p a t t e r n  i s  sketched i n  f i g u r e  8. Here the "R" l i n e  
i s  the measurement reference l i n e  defining t h e  sextant  measurement plane. 
The "M" l i n e s  define planes perpendicular t o  t h e  sextant  measurement plane, 
with t h e  p r i n c i p a l  "M" l i n e  passing through t h e  center  of the  f i e l d  of view. 
I n  an  a c t u a l  system, the  r e t i c l e  p a t t e r n  rolls with respect t o  t h e  navigator 
i n  response t o  the shaf t  ro l l -angle  input from the  sextant  op t ics  cont ro l le r .  
However, f o r  t h i s  simulation study, the  r e t i c l e  w a s  ro ta ted  manually and fixed 
a t  the proper i n i t i a l  l a rge  angle shaf t  roll posi t ion.  The s m a l l  amount of 
addi t ional  r e t i c l e  roll due t o  per turbat ions on the s h a f t  roll angle w a s  
assumed t o  be negl igible  and not required for t h e  simulation. 
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I MATHEMATICAL MODEL DERIVATION 

The mathematical model developed herein merely s t a t e s  i n  matrix form, 
~ re lat ionships  between t h e  various frame of reference involved. The individ-  

I Symbols and Procedure 

The purpose of t h e  space sextant  i s  t o  determine t h e  angular separation 
between known c e l e s t i a l  bodies t o  calculate  spacecraft  posi t ion.  The mathe- 
mat ical  model must therefore  be capable of simulating t h e  varying angular 
re la t ionships  due t o  motions of t h e  near body, long and shor t  period motions 
of the  spacecraf t ,  and sextant  s h a f t  and mirror l ine-of -s ight  angular d i s -  
placement. 

I n  t h i s  way a compact expression f o r  the  transformation between frames can be 
made, f o r  example, 

1 i s  short-hand notat ion f o r  t h e  expression 

k22 p31 k32 k33] 

- 
which r e l a t e s  the  c >  frame of reference t o  the  re> frame of reference; 
t h a t  i s ,  it represents  a r o t a t i o n  of axes from the  r > frame t o  t h e  b > 
frame. O f  course, the  nine elements of the  matrix r e l a t i n g  the  two frames 
a r e  not independent; t h a t  i s ,  only three independent var iables  a r e  a c t u a l l y  
required t o  def ine a l l  nine. The independent var iables  a r e  chosen on t h e  
b a s i s  of t r a d i t i o n  as w e l l  as of specif ic  need. I n  t h i s  instance,  the  vari- 
ab ies  q, 2, $ h m e  heen chnsen t o  represent ro ta t ions  about vector  axes 1, 
2, and 3, respect ively.  
place i n  t h e  o v e r - a l l  model. 
be descr ipt ive.  

Subscripts a r e  used t o  define c l e a r l y  each var iak ie ' s  
Reference frame notat ion has been selected t o  
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The matrix manipulation necessary f o r  determining the  angular r e l a t i o n -  
ships i s  i l l u s t r a t e d  by t h e  following: 

If 

then 

where the bracketed term i s  resolved by standard matrix mul t ip l ica t ion  
methods. Since a l l  the  matrix transformations used i n  t h i s  repor t  a r e  
between orthonormal reference frames, the inverse of each matrix i s  simply 
equal t o  i t s  transpose, t h a t  is ,  

Once the matrix i n  question i s  solved f o r ,  t h e  angles r e l a t i n g  t h e  
frames can be obtained by equating the elements of t h e  resolved matrix t o  
the appropriate element i n  the  regular  th ree  angle transformation m a t r i x .  
For instance,  i f  the r o t a t i o n  sequence between the  body and the  f ixed frames 
i s  defined as 
respectively) then t h e  t ransfornat ion m a t r i x  would be 

+, 8 ,  cp ( i . e . ,  r o t a t i o n  order about vector  axes 3, 2, and 1, 

where s = sine,  c = cosine. Then i n  our example 

-1 8bf = - s in  k13 
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Small Angle Perturbat ion Method Used i n  Rotation 
Matrices Multiplication 

Again assume t h e  same ro t a t ion  sequence giving t h e  ro t a t ion  matrix 

Now assume t h a t  t h e  axes a r e  ro ta ted  through small perturbat ion angles so  
t h a t  second-order s e r i e s  expansion f o r  s ine  and cosine may be used. Then 

e2 
COS e =  1 - -  2 

and the  ro t a t ion  matrix, again t o  second order, becomes 

Breaking it i n t o  t h e  sum of ident i ty ,  f i r s t -o rde r  and second-order matrices, 
we g e t  

= I + M* + M** 



Further expanded, the  above matrix becomes 

M* = 

M** = (- q2 - !E) 0 1 0 

-1 0 0' 
0 -1 0 

0 0 0  - 

-O O 7 

B -: j 
0 0 -1 

Introduct ion t o  Reference Frames 

A l l  reference frames a r e  defined d i r e c t l y  or i n d i r e c t l y  with respect  t o  
one reference frame f ixed  i n  i n e r t i a l  space. This reference frame i s  denoted 

where (see f i g .  9) 
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I'  

- 
f l  u n i t  vector  d i rec ted  along the verna l  equinox l i n e  
- 
f3  

f2  u n i t  vector orthogonal t o  both 71 and F3 i n  t h e  usual  right-hand sense 

u n i t  vector  d i rec ted  toward the north c e l e s t i a l  pole  
- 

A l l  reference frames are orthonormal sets of basis  vectors  spanning 3 space. 
The t o t a l  angle r o t a t i o n  sequence chosen i s  
frames involved, t ha t  i s ,  Msm im-plies s > with respect  t o  E>. 

.., 
Y, G,  3. Subscripts r e f e r  t o  t h e  - 

A tabula t ion  of t h e  transformations which are used i s  as follows: 

The re la t ionships  between t h e  matrix transformations, the ro t a t ion  angle inputs 
t o  the matrix transformations,  and the reference frames are shown i n  f igu re  13. 
The ro t a t ion  angle outputs which are found by solving f o r  t he  unknown matrix 
transformations a r e  a l s o  shown, 

Solut ion f o r  S t a r  D i s p l a y  Angles 

The star d isp lay  per turba t ion  angles Bsm and $sm i n  f igu re  13 are 
obtained i n  the following manner: 

I M s r  = MsmMqMpbMbr 

Msm = Msr[%#pb%r]-l 

When t h e  mirror  l i n e  of s ight  (K >) coincides w i t n  t'ne true star lliiz of 
s i g h t  (F >), 

Msm = I (the identity matrix) 

11 



and Msr can be determined. Assume t h a t  above i s  t r u e  f o r  i n i t i a l  l a rge  
angle conditions. Then 

where these matrices are functions of the i n i t i a l  l a rge  angles 

q v p ( @ m p )  

MPB(Opb ,@pb ) 

Also assume t h a t  r > = 5 > i n i t i a l l y ,  so  

Mm = I 

then 

which i s  assumed t o  be constant f o r  a given i n i t i a l  star-landmark acquis i t ion  
case, and does not a f f e c t  t h e  problem within a c e r t a i n  degree of accuracy, 
when t h e  input angles a r e  perturbed through s m a l l  addi t iona l  angles.  
f o r e  

There- 

or i n  t h e  form a c t u a l l y  used i n  t h e  development 

L e t  

Y ,  0 ,  0 = i n i t i a l  l a rge  angles 

+, 8 ,  cp = perturbat ion angles 

and assume t h a t  a t o t a l  angle transformation can be broken up as 

M(tota1 angles)  = M(+,@,cp)M(Y,@,O)  

12 



t h a t  is, a r o t a t i o n  through t h e  large angles followed by per turbat ion angle 
ro ta t ions .  

so 

= ( errrp ) M I Q  (amp )%b ('Ppb )MpB( opb )MpB(@pb ) 

%r (%r )%r ( $r >%r (qbr ) cM6$(@pb )$$ ( opb )M$ (@q ) 1 (4) 

Now using t h e  second-order per turbat ion angle matrices as out l ined i n  the  
sec t ion  Symbols and Procedure (eq. (1) ) , expand. t h e  equation t o  

+ 1 q2 2 br  

- 
-1 0 0 0 0  

0 -1 ] + $ & E  -1 0 

-0 0 0 0 -1 



Also from equation (1) 

-1 *-1 **-I 
MSm = I + Msm + Msm 

- M* -1 
s m  - 

M** -1 - - 
s m  

sm 

0 -($ + g) 
0 

- 
0 - ( $ + e  2 

sm 

Now solve for 
and noting t h a t  

Os,, qsm, cpsm t he  star display angles, by equating ( 5 )  and (6) 

where the  subscr ipts  r e f e r  t o  the  row and column (e.g. ,  31 means row 3 
column 1). Let 
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and l e t t i n g  the  appropriate  matrices multiplying t h e  var iab les  be understood, 
wr i te  equation ( 5 )  i n  short-hand form 

+ $ %r + %rebr + %r'br + 'brqbr } C-lA-' 

Then t o  second order  

Again t o  second order and noting t h a t  

we have 



Solution f o r  Landmark Display Angles 

A s  indicated i n  f igure  13, t h e  landmark display angles 

obtained i n  a manner similar t o  t h a t  f o r  the star display angles. 

etp and qtp a r e  

Then 

o r  

When the  s h a f t  l i n e  of s ight(y’ ,>)  coincides with the  t r u e  landmark t a r g e t  
l i n e  of s igh t  (TI >) , 

and can be determined. Assume t h a t  t h i s  i s  t r u e  f o r  i n i t i a l  l a rge  
angle conditions.  Then i n i t i a l l y  

where,again, these matrices a r e  functions of the  i n i t i a l  l a rge  angles, and 
as before 

so 

i n i t i a l l y .  
s m a l l  angles with respect  t o  t h e  i n i t i a l  s h a f t  axis system, representing 
near body motion (see f i g .  13) 

Now l e t  the  landmark l ine-of -s ight  frame be perturbed through 
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f 

Again using per turbat ion angles and equation (l), i n  equation (7),  we have 

0 0  

o o i  

0 0 0  

-1 0 0 

+ - L $ 2  2 t P  [o -1 j +;e;, [i 
r " ' 7  r 0  

+ %Pew i" O 
0 0 0  ; 
0 0 0  

+ 'PtPVtP 



Again by equation (1) 

0 - 0 - (q + $1 
Now the landmark display angles can be found by equating ( 8 :  
noting t h a t  

tP 

and (9)  and 

Forming the  products ca l led  f o r  i n  ( 8 ) ,  cancel l ing third-order  and higher 
terms, and using the  f a c t  t h a t  

changes equation ( 8 ) ,  term by term, as shown i n  appendix A. 
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Solution f o r  True Angle and Error 

The s ight ing  e r r o r  i s  defined as the  difference between the  s igh t ing  
angle read by t h e  navigator using the  sextant  and the  t r u e  angle. 

- 
e r r o r  = GW - Ost 

Because of near body and spacecraf t  t r a j ec to ry  motion, t he  t r u e  angle between 
a star and a landmark i s  cont inual ly  varying. Therefore t h e  per turbat ions of 
t he  t r u e  angle must be expressed as a function of t he  time varying - t a r g e t  
pos i t ions .  The t r u e  angle i s  defined hgre as the  angle between tl and sl. 
The transformation matrix between t h e  t > frame and t h e  s > frame f o r  a 
r o t a t i o n  angle sequence, ro l l , p i t ch ,  roll, i s  

where - ind ica tes  t o t a l  angles. Thus, 

From f igure  13, we can a l s o  wr i te  t he  transformation using t h e  matrix 
loop 

Msr = MstMtr 

or  

M s t  = Ms&: 

From t h e  so lu t ion  f o r  star display angles 

Msr = %%B 

and from t h e  so lu t ion  f o r  landmark display angles 

q r  = MtP!PB 



la 

Then 

Qt = % % B G G  

M s t  = MI&; 

Equation (1) is  used to wri te  equation (12) as 

M s t  = MMp 

1 

o o i  

0 6  
+ e2 0 -1 0 

0 o q  
2 t P  

+ %P 

0 -1 6 
1 0 0  

0 0 0  

- 
0 0 0  

0 -1 0 

0 0 -1 - 

0 0  

O I r  0 0  

Equating elements 
t he  star-landmark separat ion angle 

k l l  of equations (11) and (13) r e s u l t s  i n  a so lu t ion  for 

..a 

Now break up O s t  i n t o  l a rge  angles p lus  a per turba t ion  angle 

Bst = ost + est 

= omp + est 
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Then 

,.. 
COS os, = + est] 

= corapcest - sOmpSest 

which t o  second order i s  

C ~ s t  = eornp (1 - 1 e$ - SOmpest 

Equating equations (14) and (15) gives 

t i o n  (16) on t h e  analog 

and t o  cancel each 
t i o n  accuracy to r e s u l t  

which i s  a quadratic equation i n  est. To f ac i l i t a t e  t h e  so lu t ion  of equa- 

e& computer, we assumed the per turbat ion terms, 

other.  Calculations showed no degradation i n  simula- 
from t h i s  approximation. Equation (16) then becomes 

which i s  t h e  desired t r u e  angle perturbation. 

TYPICAL RESULTS 

The simulation setup j u s t  described was used f o r  co l lec t ing  a consider- 
ab le  amount of data i l l u s t r a t i n g  t h e  performance of t h e  navigator-sextant 
combination. The bulk of these data w a s  presented i n  reference 1. However, 
some t y p i c a l  data a r e  repeated herein t o  help i l l u s t r a t e  the  usefulness and 
v e r s a t i l i t y  of t h e  sextant  simulator. 
simulation program w e r e :  (a)  accuracy of the s igh t ing  angle measurement as 
indicated by t h e  sb.ii&i*d dzviaticr, cf the error f o r  a s e r i e s  of s ight ings,  
( b )  amount of f u e l  used during the  s ight ing as indicated by t h e  average num- 
b e r  of vehicle  cont ro l le r  pulses per  axis, and ( c )  t h e  average time t o  com- 
p l e t e  a s ight ing .  The r e s u l t s  shown here are:  basic  s igh t ing  accuracy, 
e f f e c t s  of t a r g e t  motion, and ef fec ts  of vehicle a t t i t u d e  and t a r g e t  motion. 

The performance c r i t e r i a  f o r  t h i s  
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The i n i t i a l  l a rge  values of s h a f t  roll angle, mirror p i t c h  angle, and 
i n i t i a l  vehicle  a t t i t u d e  angles were preselected and the e f f e c t s  of per turba-  
t ions about these i n i t i a l  angles were studied. I n i t i a l  sextant  angle condi- 
t ions could be var ied,  but  f o r  the bulk of the  program it w a s  assumed t h a t  a 
shaf t  roll angle of 45' and a mirror or trunnion p i t c h  angle of 45' repre-  
sented a t y p i c a l  s i t u a t i o n .  For a l l  runs, the  sextant  secondary l ine-of -  
s ight  s h a f t  and trunnion per turbat ion angles were o f f s e t  1 / 4 O  each, t h a t  is, 
the  s t a r  image w a s  o f f s e t  from the  p r i n c i p a l  M l i n e  and the  R l i n e  by 
1 / 4 O .  
lem from 16 t o  20 times, t o  provide a s t a t i s t i c a l  b a s i s  f o r  t h e  study of the  
e f fec ts  on performance of a p a r t i c u l a r  parameter var ia t ion .  

For a given s e t  of conditions, the  subject  repeated t h e  s igh t ing  prob- 

Base-line s ight ing accuracy.- To determine the  b e s t  s ight ing accuracy 
t h a t  could be expected, some basic  accuracy s ight ings were made and repeated 
with a l l  e f f e c t s  of vehicle or t a r g e t  motion eliminated. The da ta  f o r  t h i s  
idealized condition a r e  presented i n  f i g u r e  14. The t e s t  conditions were: 
fixed vehicle a t t i t u d e ,  no landmark motion, 20 arcsec dot with a 50 arcsec 
c i r c l e ,  and a low speed on t h e  opt ics  cont ro l le r .  Sextant roll angle was 
fixed a t  Oo, and t h e  operator control led only the  sextant  p i t c h  or trunnion 
angle. This was done t o  eliminate off-plane s ight ing  e r r o r s  (described below). 
The basic accuracy or r e p e a t a b i l i t y  of the system when the  dot i s  being super- 
imposed i n  the  center  of t h e  c i r c l e  had a l o  value of 2 arcsec o r  l e s s .  
Learning time was negl igible  and navigator performance did not seem t o  de te -  
r i o r a t e  appreciably even when many da,ys lapsed between s ight ings.  

Sextant off-plane s ight ing e r r o r s . -  I n  general, a sextant  w i l l  measure 
t h e  t rue  angle formed by two t a r g e t s  and the  observer only when t h e  two images 
a r e  superimposed and posit ioned on the  R l i n e ,  t h a t  is ,  i n  t h e  sextant  
mezsurement plane. The superposit ion does not have t o  occur a t  any s p e c i f i c  
pos i t ion  along the  R l i n e .  Because of t h e  image motion caused by a moving 
landmark l i n e  of s i g h t  or vehicle  motion, a p e r f e c t  measurement reading may 
become too time consuming or, a t  very high r a t e s ,  impossible. Therefore a 
cer ta in  amount of error w i l l  always be present  i n  the  sextant  measurement as 
a r e s u l t  of the images being off-plane, t h a t  is ,  away from the R l i n e .  A 
t h e o r e t i c a l  study of these out -of -plane measurement e r rors  has been developed 
and i s  presented i n  appendix B. The t h e o r e t i c a l  r e s u l t s  show t h a t  s igh t ing  
a t  small off-plane angles can be to le ra ted .  
and s t a r  superposed off-plane by a lateral  angle equal t o  10 percent of the  
1.8' f i e l d  of view, the  e r r o r  i n  s igh t ing  measurement f o r  a measured angle 
of 45' is  l e s s  than 1 arcsec.  

For instance,  with t h e  landmark 

E f f e c t  of landmark l ine-of -s ight  motion.- Effects  of landmark motion 
with vehicle control  ac t ive  a r e  shown i n  f igure  15. I n  t h i s  and subsequent 
figures,  in-plane motion r e f e r s  t o  landmark l ine-of -s ight  motion i n  t h e  
mirror p i t c h  plane, t h a t  is ,  p a r a l l e l  t o  t h e  sex tan t  measurement plane.  
Ortho-plane motion r e f e r s  t o  landmark l ine-of -s ight  motion perpendicular t o  
t h e  sextant measurement plane.  Vehicle a t t i t u d e  c o n t r o l l e r  s e n s i t i v i t i e s  i n  
t h i s  portion of the  study correspond t o  t h e  minhum rate p e r  pulse  values 
expected f o r  a t y p i c a l  vehicle i n  t h e  t r a n s e a r t h  por t ion  of a lunar  mission, 
t h a t  is ,  yaw and p i t c h  r a t e s  of 80 arcsec/sec p e r  pulse ,  and roll r a t e s  of 
320 arcsec/sec per  pulse .  
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Midcourse s ight ings:  For the  major portion of t h e  midcourse phase of a 
lunar mission, t h e  e a r t h  or moon landmark l ine-of-s ight  r a t e s  w i l l  be l e s s  
than 20 arcsec/sec of time. This low r a t e  has negl igible  e f f e c t  upon s ight ing 
performance f o r  the system studied, as i l l u s t r a t e d  i n  f igure  15. Accuracy 
l e v e l s  remained close t o  those f o r  a f ixed landmark and vehicle,  the base-line 
standard deviation of 2 arcsec or l e s s .  Therefore, i f  a normal d i s t r i b u t i o n  
i s  assumed and t h e  vehicle r a t e s  a r e  near zero, t h e  system accuracy f o r  the  
midcourse phase can be expected t o  be k6 arcsec (30) f o r  99.7 percent of the 
s ight ings.  Sighting times a f t e r  acquis i t ion  averaged 10 t o  15 seconds. 

Close-in s ight ings : For “close-in” sightings,  outside t h e  midcourse 
range (approximately 25,000 t o  380,000 km from e a r t h ) ,  the  increased landmark 
l ine-of -s ight  r a t e  causes considerable e r r o r .  If a 30 (99.7-percent l e v e l )  
value of 10 arcsec i s  assumed as a minimum required accuracy leve l ,  landmark 
l ine-of -s ight  r a t e s  must be l e s s  than 280 arcsec/sec f o r  in-plane or ortho- 
plane motion, and must r e s u l t  i n  a r a t e  of l e s s  than 280 arcsec/sec for com- 
bined in-plane and ortho-plane motion. 

A summary of the  data,  including conditions with the  cont ro l le r  inact ive 
( i . e . ,  f ixed  vehic le ) ,  a t  selected combined landmark r a t e s  of 20, 200, and 
400 arcsec/sec, i s  shown i n  t a b l e  I. 

Effect  of combined landmark and vehicle  motions.- During an a c t u a l  space 
f l i g h t  both t h e  landmark and the vehicle a t t i t u d e  w i l l  move during t h e  s i g h t -  
ing task .  Performance of the  navigator sextant with both landmark l ine-of -  
s i g h t  motion and a p a r t i c u l a r  s e t  of vehicle a t t i t u d e  r a t e s  i s  shown i n  
f igures  16 t o  18 f o r  t h i s  simulation study. The control  s e n s i t i v i t i e s  which 
were used were 320, 80, and 80 arcsec/sec per  pulse f o r  roll, pi tch ,  and yaw, 
respect ively.  These control  s e n s i t i v i t i e s  were chosen because they a r e  the 
expected values f o r  t h e  lunar vehicle on i t s  re turn or t ransear th  phase. The 
i n i t i a l  vehicle  r a t e s  chosen were half  of these cont ro l  s e n s i t i v i t y  r a t e s ,  
and therefore  a t  l e a s t  these minimum r a t e s  were always present .  Combining 
these i n i t i a l  a t t i t u d e  r a t e s  gives a resu l tan t  r a t e  of 170 arcsec/sec.  

A s  mentioned, lunar mission midcourse landmark l ine-of -s ight  r a t e s  w i l l  
be l e s s  than 17 arcsec/sec.  
of f i g u r e  16 shows t h a t  system accuracy with both landmark and vehicle motion 
(170 arcsec/sec minimum) can be expected t o  be +8 arcsec (30) f o r  the  mid- 
course phase. This can be compared with +6 arcsec f o r  t h e  zero vehicle  r a t e  
condition ( f i g .  1 5 ) .  Outside the  midcourse phase, except f o r  subject  4, the  
maximum allowable landmark line-of -s ight  ra te ,  based on the  10 arcsec ( 3 u )  
c r i t e r i a ,  was again 280 arcsec/sec,  the same as f o r  the  zero i n i t i a l  vehicle 
r a t e  of f i g u r e  15. To determine whether performance w a s  affected by the 
navigator’s adaptation t o  repeated i n i t i a l  conditions, the  study w a s  repeated 
f o r  two subjects  with random sign combinations of t h e  i n i t i a l  vehicle  r a t e s .  
A s  shown i n  I”igure 16, the perfomznce ~ c c l i r a r y  w a s  about the  same. Sighting 
times ( f i g .  17) were similar f o r  both the repeated conditions and t h e  random 
s ign  conditions.  The pulse data  ( f i g .  18) also showed no s i g n i f i c a n t  d i f f e r -  
ence f o r  the  two subjects .  

Using t h e  expected f l i g h t  values with t h e  data  

Performance values f o r  landmark r a t e s  of 20, 200, and 400 arcsec/sec 
both with and without i n i t i a l  vehicle  a t t i t u d e  r a t e s  a r e  presented i n  tab le  I. 



The data a r e  s imi la r  except t h a t ,  with i n i t i a l  vehicle  rate, more pulses  are 
required because of t h e  noncancellable vehicle  a t t i t u d e  r a t e s .  

CONCLUSIONS 

A de ta i led  descr ipt ion has been given of the  mathematical model and 
simulator implementation for a f ked-base vehicle -mounted, navigator- 
controlled space sextant  simulator. 
of 1 arcsec could be obtained on a conventional analog computer, by approxi- 
mating the  system r o t a t i o n a l  kinematics with second-order per turbat ion angle 
techniques. 
a cathode ray tube display, and two side-arm cont ro l le rs .  
t i v e l y  inexpensive hardware and an analog computer with a d i g i t a l  log ic  system, 
an over-al l  "man-in-the-loop" basic  simulator accuracy of 2 arcsec was 
obtained. 
formance study were presented. 

It was found t h a t  a computation accuracy 

The navigator s t a t i o n  simulator incorporated a simple telescope, 
With t h i s  r e l a -  

Some t y p i c a l  data  of the  navigator -space sextant  combination per -  
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APPENDIX A 

SUMMARY OF EQUATIONS 

Scope Display Angles 

Associated parameter 
coef f ic ien t  s e r i e s  

400 

where t h e  subscr ipts  r e f e r  t o  the  row and column (e .g . ,  31 means row 3 col -  
umn 1). Now we define t h e  parameter coeff ic ients  as 

e t c .  

where the  100 s e r i e s  r e f e r s  t o  elements 
s e r i e s  t o  t h e  element k21 associated with qsm, e t c .  The tens  and u n i t  d i g i t  
ret 'er t o  t n e  independent paraneier iiuiiibei-, thst is, 

k31 associated with Osm, the  200 

02 - -  brJ . . . br' 01 -- 
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Error Readout 

@st = -etp 

Error = Bnrp - e s t  

MATRIX EQUATIONS FOR COEFFICIENTS 

Display Angle Coefficients 

Large angle matrices.  - 

cos 0 o -s in  0- I s i n  0 0 cos 0 

MM-p=q@(Omp)  = 0 1 0 

M e  
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r cos o o 

L-sin o o 

cos 0 

s i n  O s i n  CP 

s i n  O cos 0 

1 s i n  O 

cos O 'MP 

1 0 - s in  O 

cos CP cos 0 s i n  CP 

- s in  CP cos o cos 4 
PB 

s i n  0 s i n  CP s i n  0 cos CP r COS 0 1 
cos CP - s in  CP 

L-sin o cos o s i n  Q cos o cos QJ 
PB 

Coeff ic ient  matrices f o r  star angles . -  

Coeff ic ients  Variable 

a201 - - 

- - - 

a202 - - 

a102 a302 

= %  

Coeff ic ient  matrix equations 

0 0 6  
=..[ 0 1  

0 -1 0 

'0 o -i 
0 0  0 

1 0 0- 



Variable 

'b r 

'pPb 

e 
mp 

1 
2 b r  - (P2 

1 02 
2 b r  

1 
2 b r  - '2 

1 
5 'Eb 

Coefficients Coefficient matrix equations 

0 1 0  

[-3 = [-I- 0 01 & 
0 0 0  a103 a303 - 

a204 - - = %  
a104 a304 

'0 0 6 
0 0 1  

0 -1 0 

- 
0 0 -1 

0 0  0 

1 0 0- 

&lo7 a307 - 
= %  

= %  

-1 0 

- o o  g G  
- 0  0 -1 

0 4 0 %  : 0 '3 0 0  

0 -1 q G  0 0  

0 0 -1 



Coefficients Coefficient matrix equations 

1'- I : 
&110 a310 

[-1 I f 
a112 a312 -- 

[ai- I I 
b113 &313 1 

0 0 0  

0 0 -1 

- - 

= %  1 0 0  r::: 
= %  r o 6  0 0 0  

Ll 0 o_ 
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Coefficients Coefficient matrix equations Variable 

-0 o -1' 
0 0 0  a217 - 

a117 a317 

G 'brew 

l o o _ ]  

r o  1 
0 

0 

!I 0 
r -  - 

a218 - 

a118 a318 - 
%I r'p b 

L O  
- 0  1 

-1 0 

0 0  - 

] =  c o j  0 0 -1 

- 1 0 0  

&219 - 

a119 a319 - 

a220 - 

Coefficient matrices f o r  landmark angles.  - 
Variable Coefficients Coefficient matrix equations 

: 1 4; 
0 -1 0 La401 

- 
0 0 -1 

0 0 0  
'br a502 - 

l o o _  a402 &602 - 



' 

Variable Coefficients Coefficient matrix equations 

a504 - - 

a404 a604 - 

a406 a606 - - 

0 

0 0 0- 
0 -1 0 

0 0 -1 - 

-1 0 d 

0 -1 0 

0 0 0  

0 -1 0 -; 0 0 O -1j 1 
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1 82 
2 m p  
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'b r'pb 
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-1 0 ] I$; 
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E: 1 
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0 L 
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* ]  
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1 1  
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5; 

5; 
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'bretP 

*b r' tP 
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a534 - - 

&434 a634 1 

a535 - - 

Coefficient m a t r i x  equations 

0 0 -1 0 0 1  

0 0 1 P$;[o 0 

1 0 0  -1 0 0 

a537 - - 

F437 a637 I 

-1 0 0 

0 0 0. - 

1: 1 q; 
0 0 0  

b o q  

P 0 -1 O 0 J 
- 0  0 11 

. O  -1 0 O 0 

': 1 4 
-1 0 0 

'0 0 6 
0 0 -1 

0 1 0- 
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Variable 

'Ppb'PtP 

Coefficients Coefficient m a t r i x  equations 

'0 0 0 

0 0 -1 

0 1 0  
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APPENDIX B 

SEXTANT MEASUREMENT ERRORS DUE TO OFF-PLANE SIGHTINGS 

A sex tan t ' s  c h a r a c t e r i s t i c s  a r e  such tha t  the  t a r g e t s  do not necessar i ly  
have t o  be superimposed or centered i n  the  f i e l d  of view i n  order t o  make an 
angle measurement. However e r r o r s  do occur if t h e  sextant  plane of measure- 
ment i s  not coincident with the plane formed by t h e  observer and t h e  two 
t a r g e t s .  The mathematical model i s  used i n  the  following development of t h e  
equation r e l a t i n g  the  a c t u a l  angle between s ight ing objects  and the measured 
sextant  angle for off-plane s ight ings.  

From f igure  13, 

A s  before assume 

and f o r  t h i s  development assume 

then 

A l s  o 

but  

so 

39 



Theref ore, 

which can also be obtained by a d i r e c t  th ree  angle ro ta t ion ,  

Since the in-plane displacement of the  images i n  t h e  f i e l d  of view can be any 
value, as long as both images a r e  moved the  same amount with respect  t o  t h e  
pr inc ipa l  "M" l i n e ,  we w i l l  assume 

Then 

Combining the  above matrices we have 

M s t  = 

40 
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A l s o ,  using the  d i r e c t  ro t a t ion  (zl,G,%-~) we have 

x x' 

When elements k l l  i n  (Bl) and (B2) a r e  equated 

N ,., - ,., 

t P  cos Ost = cos ySm cos Q~ cos Y + s i n  ySm s i n  Y tP 

where Os, 
sex tan t  measured angle. 

i s  t h e  t r u e  .angle between s ight ing objects  and gnrp i s  the  

Equation (B3) w a s  used t o  ca lcu la te  t h e  off -plane s ight ing  measurement 
e r r o r  ( G s t  - 6,) f o r  th ree  cases:  

,., 
I 

I1 

I11 

Landmark on plane, star off-plane, t h a t  i s ,  Ytp = 0 ( f i g .  l 9 ( a ) )  

Landmark and star superimposed off-plane, t h a t  is ,  Y t P  = Y s m f  0 (fig. 19(b)) 

Landmark and star on opposite s ides  of plane, t h a t  i s ,  Ytp = -Ysm f 0 

- w 

,., 

( f ig .  1 9 ( c ) )  
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Figure 6. - Vehicle attitude controller characteristics. 
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Figure 7.- Sextant optics controller characteristics. 
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Figure 9. - Body i-eferccce f r a ~ e  .c.rit.h respect t o  i n e r t i a l l y  fixed frame. 



t 

Figure 10.- Body frame with respect  t o  body reference frame. 
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Figure 11.- Sextant mirror frame and sextant s h a f t  frame with respect  t o  
body frame. 



Figure 12.-  True l i n e  of s i g h t  frames with respec t  t o  sex tan t  mirror  and 
shaft frames . 
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(a) Case I: Landmark on plane, star off plane. 

Figure 19.- Sextant measurement error due to off plane sightings. 
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Figure 19. - Concluded. 
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